Morlet et al (1982, this issue) showed the advantages of using complex values for both waves and characteristics of the media. We simulated the theoretical tools we present here, using the Goupillaud-Kunetz algorithm. Now we present sampling methods for complex signals or traces corresponding to received waves, and sampling methods for complex characterization of multilayered or heterogeneous media.
9(t) is called the complex signal corresponding to s(t).
NOW, going back to the Fourier transform, we can introduce the negative frequencies for a real signal s(t) Regarding the Fourier transform, we may consider we obtain it by complex crosscorrelation of the signal s(t) with the set of complex exponential functions (cosine and sine) representing the elementary monochromatic waves which are the set of basic waves for the decomposition. Using positive frequencies only, we may read the sum of these complex crosscorrelations as follows: The wave functions representing the solutions of this equation have the physical dimension of the square root of the energy. They could be compared to the solutions of the Schrodinger equation, hence to probability amplitudes (Encyclopedia Britannica, 1967).
Gabor expansion
Sampling theory in the time-frequency domain.-Using a time-frequency representation, we define "instantaneous frequency spectra," and thereby obtain a better mathematical modeling of the real signals than with the "analytical signal," leading to a single instantaneous frequency and a corresponding instantaneous phase.
Representing S(r, o) is a practical 2-D sampling problem involving r and o. Gabor showed the way, using a regular sampling grid leading to a regular pavement of the information plane with rectangular cells of constant size, the sampling rate being At for the time scale and A.w for the frequency scale. In practice we use as basic wavelets signals which we can physically and numerically represent. In the sampling grid, the cells corresponding to such basic wavelets have dimensions Ar = E (very small value), and Aw = k/E (very large value).
(b) The frequency domain sampling.-ln this case, the elementary basic wavelets are complex monochromatic exponential waves which read e' "' . The cells of the corresponding sampling grid have as dimensions Ar = 3~ and Aw = 0.
In practice, we must use as basic wavelets signals which may be physically and numerically represented. The corresponding sampling grid has dimensions A r = k/~ (very large), and A w = E (very small).
Sampling theory and resolution.-The sampling methods for signals were developed by physicists as an extrapolation starting from the experimental measurement methods of scalar physical quantities by weighting. This measurement of scnlur yuunriries, corresponding to specific characteristics of different material objects, is achieved by comparison to unit weights.
The main characteristics of this deterministic weighting are (1) The results obtained from a sequence of measures achieved on a set of objects do not depend upon the order of the objects in the sequence of the elementary measurement operations. (2) Each elementary measure corresponds to a specific object and is therefore fully independent of the measures achieved on the other objects. (3) The measure is a linear operation, where the addition operation must be correctly defined. (4) If there is some instrumental random noise, we can enhance the measurement accuracy for any specific object by using statistical methods. We may simply repeat the weighting operation, then average the results of this.
We may transpose this type of measurement method to the sampling of pseudoperiodic signals or waves, but we must first remember the following points. (1) The sampling of signals is achieved by a sequence of successive weighting operations, the order of which is imposed. (2) Two successive elementary measurements may not correspond to totally independent information or events. It is therefore very difficult, if not impossible, to distinguish and separate perfectly two elementary independent signals (this differs fundamentally from the measurement operations in particle counters). This leads to the notion of resolving power or resolution, which represents the ability for the measurement method to separate two elementary signals corresponding to two independent information or events.
(3) The measured quantity is no longer scalar, but rather of a complex and periodic type. The unit weights in such a measurement operation must be complex elementary signals. On the other hand, at the end of the quantification into sampled values, the result of the measurement operation is a physical quantity whose physical dimension is the square root of energy. Therefore, the linearity of the measurement operations is observed for complex signals.
(4) If the signals are affected by random or deterministic noise, we may enhance the accuracy of the measure of the signals, thereby the information they carry. We must repeat the measurement operations in such a way to decouple signals and noise.
Signal enhancement by phase coherence is achieved by constructive interference of complex amplitudes, to be compared to interference of probability amplitudes. Such signals are closer to physical signals and their envelope corresponds to the square root of the intensity in diffraction spots, which are directly related to the notion of resolution.
Such complex wavelets were introduced by Gabor (Gabor, 1946) . In the time domain, they are represented by the product of a complex sine function by a Gaussian envelope.
The real part of such wavelets (or cosine wavelet) is a zerophase wavelet, symmetric in the time domain. The imaginary part (or sine wavelet) is antisymmetric, and in quadrature with the corresponding cosine wavelet.
In the particular expansion used by Gabor, the information plane is paved using a regular grid, the cells of which have their dimensions related by At A w = k. Therefore, in the time domain, At is constant and the envelopes of every basic wavelet are identical; in the frequency domain, the sampling rate is constant, having the value Aw.
Gabor also noticed that such a grid leads to a decomposition which is not orthogonal.
Energy carried by a wave and Poynting' s vector
Before introducing computing methods for the energy carried by a wavelet, we first recall some fundamentals of wave propagation. For monochromatic plane waves propagating in homogeneous media, we can compute the energy which flows through a unit area, normal to the direction of the wave propagation. In the medium, the energy density, or total energy per unit volume, is the sum of the kinetic and potential energies related to the wave. The kinetic energy is related to the particle velocity in the medium. The potential energy is related to the work of the internal stresses.
In plane-wave propagation theory, the same 1-D wave equation applies to elastic waves, the two fundamental functions being P = excess pressure or stress and U = Particle velocity. In the propagating wave, we may introduce the notions of kinetic energy, related to the real part of the complex wave function, and of potential energy, related to the imaginary part of the complex wave function. Since both of them are in quadrature, the total energy carried by a monochromatic wave is thus constant versus time and space coordinates in a homogeneous medium.
MEAN PERIOD

Utility of a logarithmic scale in the frequency domain
In physics, there is no real advantage in handling negative frequencies. On the other hand, using complex signals leads us to use only the positive frequencies. However, this introduces a disturbing discontinuity at zero frequency in our mathematical models. Using a logarithmic scale for the frequencies (octaves), we can avoid this problem, as is well known in seismic processing.
There are other advantages to using a logarithmic scale in the frequency domain, as we will show later. This use leads us to introduce a new type of expansion, i.e., an extended Gabor expansion. In contrast to our experiment of the simple mass measurement, for example, two alternate but mutually exclusive solutions are possible.
Main
(1) If we need independent elementary results of the individual measurements in the adjacent cells, A r = a t and A o = a w represent simultaneously the dimensions of the cells in the grid, and also the dimensions of the wavelets in the time-frequency domain. This restrictive condition represents in signal sampling theory the mathematical orthogonality condition for the elementary functions.
' We may note here that obtaining independent sampled values for adjacent sampling cells in the grid is analogous to deconvolving. There is, therefore, a strong resemblance between complex deconvolution and decomposition on a base made up of a set of orthogonal functions.
(2) If we need to preserve the information carried by the signal with the maximum of fidelity, we must be able to predict the value of the signal in any intermediate point between sampled values on the grid and the values at and aw, defining the grid resolution, must be simultaneously small enough to permit this prediction by interpolation between the sampled values on the grid. This interpolation may be performed using linear operators. In the last case, the fact that we assume possible the interpolation operation implies that the adjacent sampled values are not independent.
(c) Sampling grid in the time-octave domain.-The main advantage of the Gabor wavelets with constant shape ratio is that, in spite of their nonorthogonality to each other, they still achieve good resolution in the time domain, due to a good phase resolution. A set of such wavelets may be used as a base of nonorthogonal functions for the decomposition of the Gabor expansion. First adjusting the cell dimensions to the wavelet dimensions, we obtain a sampling grid more complicated than the first grid proposed by Gabor It follows that the time sampling rate of the grid may not be higher than one period, which is the cabe for each of the wavelets corresponding to the different periods. This is the antialiasing condition for the extended Gabor expansion we just described. Furthermore, to detect and to correct offset phenomena due to crossfeed from one frequency band to the others, it suffices to double the sampling rate in the time domain. then taking two samples per period. In the frequency domain, a bamphng rate of four wavelets per octave appears to be suitable for phase preserva- the information (in both amplitude and frequency domains), which leads to the binary coding of the information. He also showed that, to increase the information transfer rate, one must increase the signal frequency. Finally, Shannon, when extrapolating his work on discrete information to continuous signals, noticed that the theoretical problem is much more complicated and that such extrapolation is only made possible with some restrictive assumptions. Rather than describing these assumptions, he gave the following practical examples: voice and music trammission. In both of these particular cases, the elementary units, i.e., phonemes or notes, arc carried by a signal involving a large number of periods, and the knowledge of the phase is not needed. The problems of short-pulse transmission and of dispersion in communication lines are not included in his works. Therefore, when representing the information carried by complex signals or waves, it is possible to attain a better use of a limited number of bits than in the standard sampling methoda (based on a constant sampling rate in the time domain).
The above conditions insure the validity of the addition operation for the complex amplitudes of the waves, a necessity in any interferential processing method. More specifically. the basic wavelets with constant shape ratio are well adapted to phase preservation, since their duration is proportional to their period At = KT.
The objective of high-resolution methods is to attain a better accuracy on the location of the high-trequency information on the time axis. Correct recording of the phase information is then needed. Furthermore, amplitude preservation is impossible without phese preservation. An accuracy of l/16 cycle for any frequency in the extended Gabor expansion. I e.. 4 bits pe:r cell. is probably enough for amplitude recovery by interfereuce of complex amplitudes (as demonstrated by results obtained in modeling wave propagation). We could therefore neglect the amplitude information as in the sign bit seismic method whenever a high level of information compression is needed.
Finally, as in attenuation or dispersion studies (which are of the greatest interest in high-resolution seismic), when processing a particular narrow frequency band, we must consider every other frequency band as noise. We must then preserve a sufficient partial dynamic range for each of the narrow-frequency bands sampling the frequency domain. If information compression is needed, phase preservation is the fundamental condition for enhancing amplitude preservation. If the amplitude is not recorded in the extended Gabor expansion we just described, it will be recovered by interferences of probability amplitudes in any multichdnnel processing method. This must be compared, as noticed by R. Balian, with the WKB approximation used in quantum mechanics applied to physical optics. Such an approximation leads to neglecting, in the wave equation, the terms mvolving the moduh of the complex amplitudes using only those involving complex exponentials, i.e., the phases. Finally, it appears that the extended Gabor expansion described earlier should be an interesting recording and processing tool in high-resolution seismic
Practical remarks
It is possible to obtain a regular grid, with a constant sampling rate m both dimensions, taking for coordinates the cycles (or phases) and the octaves. This representation leads to easier methods for computing, interpolating, and more generally handling the data in a computer. It also gives surprisingly simple representation of the constant Q laws for attenuation. response of this layering model, we took, as first and last layers of the periodic medium, one-half layer of medium 2. This is no longer possible for the general case regarding the embedding media. For example, Figure 11 gives the transfer function for transmission for adapted impedances of the embedding media. In this case, the layer sequences used in the two methods are different; then for the direct computation, the first and last layers are made up of l/2 layer of medium 1. For the first passband, the differences between the transfer functions are limited to the amplitudes of the narrow peaks (due to the differences in the reflectivity values at the boundary interfaces with the embedding media). But the first side passband of the directly computed response is almost destroyed. This implies that the low-frequency passband is not fundamentally affected by small anomalies in the medium' s periodicity, but that is no longer the case for the side passbands.
This confirms parallel studies we made concerning the stability of the transmission response for a set of synthetic seismograms for periodic media including small anomalies. In these last studies, we introduced in the layering model of a synthetic section a progressive pinchout involving a single elementary layer of the periodic medium. These studies were made for different locations of the pinchout in the periodic medium (upper part, lower part, medium). In such cases, we observed a good stability of the transmitted signal. These charts can be used for seismic interpretation.
Extrapolation to media made up of any number of components
The above studies are limited to binary media. Bonnet showed that the analytical study can easily be extended to periodic media made up of any number of components (Bonnet, 1980) . For such media, it is then possible to define the two following characteristic parameters: effective velocity and effective impedance. For low frequencies, he showed that these characteristic parameters of the periodic medium do not depend upon the order of the layers in the elementary motif.
CONCLUSIONS
We have showed theoretically and experimentally that the propagation of seismic waves in sedimentary series is frequency dependent, and involves the following phenomena: transparency for low frequencies, superreflectivity for high frequencies, and velocity dispersion for intermediate frequencies. These phenomena do occur in standard seismic prospecting, although they are not always easily noticeable. They largely explain the experimental constant Q law for wave attenuation, which is valid when taken from a statistical standpoint. When high resolution is needed, these phenomena are no longer negligible, but they can be handled using complex models for both wave functions and physical characteristics of the layered media.
Regarding the recording and processing methods, we showed that, to increase the resolution for frequency dependent velocity and attenuation, we must work in the time-frequency domain. An extended Gabor expansion, using as basic wavelets a set of constant shape ratio wavelets, permits us to preserve both phases and amplitudes for a large range of frequencies. In spite of the nonorthogonality of the basic wavelets, it is possible to minimize the number of complex samples needed for the discretization of the Gabor expansion. This expansion gives directly instantaneous frequency spectra of the seismic traces.
If compression of the information is needed, we showed that it is sufficient to preserve the phase information of the Gabor expansion. In such a case, the information lost on the amplitudes can be retrieved by the interferences of the probability amplitudes, i .e . , by complex multichannel processing.
To discretize multitrace records (seismic profiles), we can handle the space dimension as we did the time dimension. We can then introduce a space-spatial frequency domain for record sampling. This finally leads us to substitute the 2-D seismic records (time, space) for 4-D records, implying a better quantization of the seismic information.
Regarding the models for the multilayered media, especially for complex deconvdlution, we showed, using direct modeling, that it is possible to introduce complex values for velocities and impedances using thin-layered binary periodic media. These studies could be extended (as for Bloch waves) to 3-D heterogeneous media. We could therefore model the wave propagation in such media as in macrocrystalline structures and for any wave incidence. Finally, we may use some other models developed in solid state physics for different scales of gkanularity, as far as some models developed in quantum fields theory.
We hope that our studies will contribute to enhance the resolving power of the seismic reflection method.
